Membrane curvature can be generated by a variety of different molecular mechanisms such as protein scaffolding, heterogeneity, cytoskeletal forces that act as inputs. These mechanisms have the net effect of generating stresses on the bilayer that are translated into distinct final shapes of the membrane as outputs. We sought to reverse this input-output relationship by using the observed shape of a curved membrane to extract physical quantities such as the magnitude of the applied forces acting on the bilayer. To do this, we first calculated the normal and tangential tractions along the membrane surface using the shape and material properties of the bilayer. Then, externally applied forces were computed by taking a contour integral of tractions on the region boundary. We applied this approach to three different examples to demonstrate its utility -membrane tube formation, emergence of line tension at the interface of two spontaneous curvature fields, and the formation of podosome protrusions in human macrophage cells. These examples demonstrate that this analysis and accompanying workflow can be used to extract meaningful measurements of force and line tension from membrane shapes in a wide variety of biological contexts. ⇤ Corresponding author: prangamani@ucsd.edu + These authors contributed equally to this work
Introduction
Cell shape plays an important role in regulating a diverse set of biological functions including development, differentiation, motility, and signal transduction [1] [2] [3] [4] . In addition, the ability of cellular membranes to bend and curve is critical for a variety of cellular functions including membrane trafficking processes, cytokinetic abscission, and filopodial extension [5, 6] . In order to carry out these functions, cells harness diverse mechanisms of curvature generation including compositional heterogeneity [7, 8] , protein scaffolding [9] , insertion of amphipathic helices into the bilayer [10] , and forces exerted by the cytoskeleton [11] . Reconstituted and synthetic membrane systems also exhibit a wide range of shapes in response to different curvatureinducing mechanisms including steric pressure due to intrinsically disordered proteins [12] and protein crowding [13] . These effects can be interpreted as input-output relationships, where the input is the protein distribution, lipid or protein asymmetry or the forces exerted by the cytoskeleton and the output is the observed shape of the membrane (Fig. 1A) .
It is well-known that the various curvature-inducing mechanisms induce surface stresses; expressions for these stresses have been derived using either variational methods [14] [15] [16] [17] or by using auxiliary variables that enforce geometric constraints [18, 19] . However, only a few efforts have focused on calculating stresses from experimentally observed membrane deformations. Lee et al. suggested that membrane shape itself acts as a reporter of applied forces [20] and calculated the axial force required to form membrane tethers based on shape alone. They showed that the calculated value of force was in excellent agreement with their experimental measurements. Separately, Baumgart and colleagues showed that the Gaussian modulus has a strong effect on membrane budding in phase-separated vesicles and that its magnitude can be obtained by analyzing the geometry of the vesicle alone [7, 8] . Despite these examples, there remains a disconnect between theoretical analysis of surface stresses and experimental observations of membrane shape. Figure 1 : Membrane curvature generation as an input-output relationship. (A) Membrane curvature is controlled by different physical inputs including (i) protein-induced spontaneous curvature, (ii) membrane tension and turgor pressure, and (iii) forces exerted by the cytoskeleton. These curvature generating mechanisms exert normal and tangential tractions on the membrane resulting in different shapes -for example, (i) an axially symmetric vesicle with fluid phase coexistence visualized via two-photon fluorescence microscopy [8] , (ii) a synaptic vesicle visualized by electron microscopy [21] , and (iii) tether formation using optical tweezers [20] . (B) A schematic representing the axisymmetric coordinate system used for calculating curvature and traction. Inset shows that pressure opposes traction and external force in both the radial and axial directions.
We sought to bridge this disconnect by developing a general framework for the analysis of experimentally observed membrane shapes. In essence, we seek to invert the input-output relationship of Figure 1 by using the shape of the membrane as an input to calculate the tractions and force distributions along the membrane, which can give insight into various mechanisms of membrane bending. This work is timely as a number of imaging modalities are capable of generating high-resolution images of membrane deformations both in vivo and in vitro. Taking advantage of such images, we apply this framework to three distinct classes of membrane deformations -tethers, buds, and actin-rich podosome protrusions-and provide a physical interpretation for the normal and tangential traction distributions. Thus, our work extends the notion of curvature-induced surface stresses to increasingly complex biological phenomena.
Methods

Model Development Assumptions
We assume that the curvature of the membrane is much larger than the thickness of the bilayer and that the lipid bilayer can be modeled as a thin elastic shell using the Helfrich-Canham energy model [22] . We also assume that the membrane is areally incompressible because the energetic cost of stretching the membrane is high [23] ; this constraint is implemented using a Lagrange multiplier as discussed in [14] . For the present derivation, we assume that bending and Gaussian moduli are uniform throughout the membrane (a case in which this assumption is relaxed is given in the SOM). Finally, for simplicity in the numerical simulations, we assume that the membrane in the region of interest is either rotationally symmetric ( Fig. 1B) or the out-of-plane membrane deformation is small and we can parameterize our system by a 1D Monge gauge [24] .
Helfrich energy and equations of motion
We use a modified version of the Helfrich energy that includes spatially-varying spontaneous curvature C (✓ ↵ ), [25] [26] [27] [28] , 
where W is the energy per unit area, H is the local mean curvature, and K is the local Gaussian curvature. ✓ ↵ denotes the surface coordinates and this form of the energy density accommodates the local heterogeneity in the spontaneous curvature C. Note that W differs from the standard Helfrich energy by a factor of 2, which is accounted for by using the value of  to be twice that of the standard bending modulus typically encountered in the literature (See Table 1 for notation).
The "shape equation", which gives the first functional normal variation of this energy is given by [14, 25] [ (H C)] + 2 (H C) 2H 2 K 2H (H C) 
where is the surface Laplacian operator, p is the pressure difference across the membrane, is interpreted as the membrane tension [25, 28] , f is a force per unit area -not necessarily normal to the membrane -applied to the membrane surface, and n is the unit normal to the surface [26] . The tangential variation, accounting for the heterogenous protein-induced spontaneous curvature, heterogeneous moduli, and externally applied force, results in a spatial variation of [26, 28] . This is given by ,↵ |{z} Gradient of surface tension = 2 (H C)
where (·) ,↵ is the partial derivative with respect to the coordinate ↵ and a ↵ is the unit tangent in the ↵ direction. A complete derivation of the stress balance and the governing equations of motion, including the effect of variable bending and Gaussian moduli, is presented in the Supplementary online material (SOM).
Surface stress tensor and traction calculation
We define the force balance along a surface ! bounded by a parallel line of constant ✓ ↵ and the bounding curve denoted by @! as 
wheref represents the traction along a curve bounded by t. Traction, which is the force per unit length, was initially introduced by physicists as a result of Noether's theorem [15, 16, 18] . This theorem states that for any elastic surface that is in equilibrium, there exists a unique traction distribution such that its divergence is conserved [18] . Mechanically, the traction distribution gives us information about the response of the membrane to externally applied loading including forces acting on the membrane or protein-mediated bending. While Eq. 4 is a general expression independent of coordinates, we will restrict further analysis to two cases for ease of analysis -a) axisymmetric coordinates ( Fig. 1B) and b) 1D Monge gauge [24] .
Case I: Axisymmetric coordinates
The axisymmetric coordinate system is defined by the position vector along the surface as follows
Here (e r , e ✓ , k) form an orthogonal coordinate basis and r(s) and z(s) are the radius and elevation from the axis of revolution and base plane respectively (see SOM for full derivation of surface parameters). The complete parametrization is given in the SOM. Since (r 0 ) 2 + (z 0 ) 2 = 1, where ( 0 ) denotes derivative with respect to the arc length, we define an angle made by the tangent along the arc length with the horizontal such that r 0 (s) = cos and z 0 (s) = sin . The traction acting on a curve of constant z is given byf
wheref n andf ⌫ are defined in [17] and including the spontaneous mean curvature, we obtaiñ
Case II: Monge parametrization The position vector in the Monge gauge is given as
where (e 1 , e 3 ) are the unit vectors in 'x' and 'z' direction. For small deformations (z, x ⌧ 1), 2H = z, xx , and K ⇡ 0 everywhere on the membrane. The normal and tangential tractions are given by [19] 
Interpretation of traction
Numerous studies have derived these equations mathematically and explained them in a biophysical context. Capovilla and Guven [15] [16] [17] explained this based on the action-reaction law -if one were to cut the membrane along any curve,f n andf ⌫ are the forces per unit length of the curve in the normal and tangential directions respectively, that the membrane on one side of the cut exerts on the other. Deserno [29] used an electrostatics analogy for clarifying the logic of force calculation from the flux of traction through a closed boundary. The expressions for tractions (Eqs 7a, 7b) reduce to their corresponding fluid analogues for negligible membrane rigidity and pressure difference. Thus, we can interpret the normal and tangential traction as follows -the tangential traction distribution tracks the gradient in 'effective' surface tension while the normal traction distribution contains information regarding a force balance performed normal to the membrane at every point. Further physical interpretations of these quantities, which have units of force per unit length or energy per unit area, can be obtained based on the particular biological phenomena. Figure 2 : Flowchart outlining the algorithm for using shape as input and extracting force as output. The input to this framework can be images from experimental methods (fluorescence and electron microscopy) or from simulations. The details of the methods and fitting algorithms are outlined in the SOM. Briefly, we trace the shape of the membrane from the image and use smoothing techniques such as coupled wavelet transform (CWT) or Fourier transforms to reduce noise and increase the accuracy of obtaining derivatives (see Fig. S1 ). Then, we use these traced contours to calculate the curvatures, estimate Lagrange multipliers, and calculate surface stresses to obtain forces relevant to the deformation. Finally, the applied forces are calculated by traction integral around a closed boundary of interest.
Development of an image analysis framework
In order to understand how the normal and tangential tractions can be interpreted in different experimental contexts, we developed a framework that takes images from either experiments (both fluorescence images and electron micrographs) or from simulations and used a shape tracing and fitting algorithm to obtain the mean and Gaussian curvature along the curve ( Figure  2 ). We then estimate the Lagrange multipliers using an optimization algorithm, and using these, we calculate the surface stresses and the forces relevant to that particular deformation. Thus, we implement the inverse problem of using membrane shape as an input and extract forces as the output. Details of each step in our framework are provided in the SOM.
Results
Tether formation due to applied load -revisiting a classical membrane deformation The formation of membrane tethers in response to a point load is a classic example of force-mediated membrane deformation [30, 31] that has been studied both experimentally [32, 33] and theoretically [34, 35] by many groups. We used this example to validate our method and to identify how normal and tangential tractions contribute to the formation of tethers. We first conducted simulations using a localized force at the pole to mimic a point load and solved Eqs. S25 using the 'bvp4c' solver in MATLAB (details provided in SOM) for a membrane tension of 0.02 pN/nm. We used the resulting equilibrium shapes as input to the framework shown in Fig. 2 . The normal and tangential traction distributions along the tether are showed in Figs. 3A, B. The absolute value of the normal tractions are highest at the pole as the applied force increases. The membrane curves away from the applied force along the region over which it is applied and conforms to a stable cylindrical geometry along the rest of the tether and a flat region at the base. The tangential traction has a large positive value along the cylindrical portion of the tether (Fig. 3B) showing that the membrane resists stretching as the tube is pulled out. The tether cap has negative tangential traction because of the membrane tension heterogeneity (Eq. S21).
From the traction distribution, we can calculate the applied axial force on the membrane by integrating the axial component of the total force (see SOM) along the circumference of the bounding curve @! to obtaiñ
whereF z is the axial force generated in response to the external load. We show that the negative of Eq. 10, evaluated at the base of the geometry, exactly matches the force-extension relationship for tether formation (Fig. 3D ), validating our method. This force match can be recreated for simulations with pressure by modifying our expression for force (Eq.S40, see Fig. S3 and Fig. S4 ). Likewise, the axial traction at every mesh point can be matched to a combination of traction due to pressure and external force (Eq. S40), shown in Fig. S5 for a tether pulling simulation against a large pressure of 1 MPa observed in yeast endocytosis [36] .
We also found that radial stresses play an important role in squeezing the membrane neck and holding the cylindrical configuration during membrane elongation (see Fig. S2 ). The energy per unit length, ⇠, associated with this circular deformation can be found by integrating the radial traction along the curve @! (Fig. 1B 
⇠ can be interpreted as an 'effective' line tension [37] , shown in Fig. 3C . While line tension denotes the force acting at the boundary of two interfaces -e.g. inward force for a liquid droplet on a hydrophobic substrate and an outward force on a hydrophilic substrate [38] , the 'effective' line tension predicts a general resistive force acting at every point opposing any change in the membrane length, regardless of a phase boundary. Consequently, the point of zero 'effective' line tension tell us the nature of the equilibrium geometry, shown as the dotted cylinder. The radius of the cylinder can also be evaluated by minimizing the free energy, giving R 0 = 1 2 p  [34] . This equilibrium cylinder has no curvature gradient, leading to zero 'effective' line tension. The calculated values of energy per unit length inside the cylinder are negative while those outside are positive, indicating that the 'effective' line tension determines the extent of deviation from the equilibrium geometry. Additionally, the value of ⇠ at the neck is ⇠ 3pN, providing an estimate of the effective line tension required to form a neck in tethers.
Having validated the model, we sought to apply our method to experimental observations of tethers. We used previously published images of vesicles with tethers [20] to calculate the traction distributions along the tether using the procedure described in Fig. 2 . Lagrange multipliers were estimated using an equilibrium force density minimization procedure (see SOM for details) and calculated as p = 6.3 ⇥ 10 9 pN/nm 2 , = 4.36 ⇥ 10 5 pN/nm and C = 1 ⇥ 10 4 nm 1 , which closely matches the parameters given in [20] . We would like to note that the spontaneous curvature calculated using our optimization algorithm is a shift in mean curvature (Eq. S17), while the reported spontaneous curvature in [20] is a rescaling of principle curvature summation. We also used twice the reported value of bending modulus  = 0.85 ⇥ 10 19 J [20] . Our analysis of the experimental images shows that the distribution of normal traction along the tether resembles that of Fig. 3A -normal traction is negative along the tether cap with a maximum at the neck at the region of increasing curvature gradient, while the tangential traction is positive along the tether and resists membrane stretch (Figs. 3E, F). Since the tether is connected to a spherical vesicle, we see that the normal traction becomes negligible and tangential traction assumes a constant value along the spherical region, indicating an equilibrium geometry. We calculated the axial force accounting for the pressure difference and found that the curved portion had an average force of 0.7 pN, and the force along the tether was 0.3pN ( Fig. 3G ). This is in agreement with the reported value of the applied force as ⇠ 0.6pN along the entire membrane [20] . Furthermore, the different contributions of pressure, tension, and bending follow the same profile as that reported in [20] (Fig. 3H ), indicating that we can not only extract the applied forces on the membrane using shape information but also evaluate contributing terms.
Formation of buds due to spontaneous curvature is characterized by emergent line tension Phase separation and lipid domains are classical mechanisms of bud formation and vesiculation [39] . Previously, we and others have shown that protein-induced heterogeneity on the membrane can be modeled using a spontaneous curvature field [25, 28, 40] . We used this framework to investigate the nature of membrane tractions generated during budding due to a spontaneous curvature field. We conducted simulations for a constant area of the spontaneous curvature field A = 10, 000 nm 2 and varied the extent of spontaneous curvature from C = 0 nm 1 to C = 0.032 nm 1 . We chose three distinct shapes -a shallow bump, a U-shaped bud, and a closed ⌦-shaped bud as inputs and calculated the normal and tangential tractions ( Fig.  4A, B ). We observed that the normal traction is negative along the applied spontaneous curvature field indicating a sharper change in mean curvature compared to the applied asymmetry (H 0 > C 0 in Eq. 7a). At the neck, where = ⇡ 2 , normal traction is maximum and acts purely inward, representing the tendency of the membrane to form small necks. The tangential traction shows a change in sign from positive to negative as the neck radius becomes smaller. This change in sign highlights the critical role of the gradient in tangential traction in the formation of narrow necks [26] (Fig. 4B ). The positive tangential traction in tent-like small deformations indicates that the membrane resists the bending deformation; however, in the U-shaped and closed buds, the negative tangential traction along the cap acts to pull the membrane inward and favors the adoption of a highly curved shape. Additionally, projecting the local traction onto the radial and axial directions reveals that bud formation by spontaneous curvature is purely driven by evolution of radial traction while axial traction is zero everywhere Fig. S6 .
The energy per unit length was evaluated along the membrane using a modified version of Eq. 11 to include the spontaneous curvature (Eg. S42a) ( Fig. 4C ). The dashed circles represent the equilibrium spherical vesicles calculated by Helfrich energy minimization (R vesicle = C +C 2 ) [26] . Each equilibrium vesicle divides the space into two domains -(i) the membrane inside the vesicle with negative energy per unit length that bends to form a bud (ii) the membrane outside the vesicle with positive energy per unit length that resists such a deformation. Previously, both modeling and experimental studies have shown that in heterogeneous membranes line tension can be sufficient for scission of endocytic pits [41] or the formation of buds in vesicle experiments [7, 8] . In the case of applied spontaneous curvature field, the modified expression of energy per unit length (Eq. S42a) can be interpreted as an actual line tension at the interface of the two phases. Through the process of bud formation, line tension undergoes a sign change from positive (acting outward) to negative (acting inward), effectively transitioning from a tension-dominated regime to a curvature gradient-dominated regime (Fig. 4D ). This transition from positive to negative line tension with increasing value of spontaneous curvature is also observed in other studies [42] . The value of the energy per unit length at the interface varies between -5 pN to 5 pN, which is of the order of the reported interfacial line tension between coexisting phases in lipid bilayers [41, 43] . We also see that once the overhang develops, closing the neck requires a smaller line tension and this value varies based on the type of reservoirs affecting the line tension at the interface (see Figs. S7, S8).
We traced images of budding in phase-separated giant unilamellar vesicles (GUVs) from [8] and calculated normal and tangential tractions along the vesicle shape to see if our estimates of line tension were meaningful. The constant parameters in Eqs. (S43a, S43b) are chosen based on reported values in this paper, while the spontaneous curvature for each vesicle is estimated by the equilibrium force density minimization method. A rendering of the original image is shown in Fig. 5A . The normal traction distribution along the membrane is almost zero everywhere except at the neck, which is the interface of the lipid disordered and ordered phase (Fig. 5B ). The corresponding energy per unit length at the neck (Eq. S46a) has a value of 0.65 pN, comparable to the experimentally obtained value of 0.67 pN [8] , indicating that using a few material parameters and the shape, we are able to extract the value of line tension at the interface. We note here that the value of line tension obtained is sensitive to the gradient in spontaneous curvature C, which is applied as a hyperbolic tangent function Eq. S30 and so we chose the width and slope of the transition region to ensure a smooth function across the region of heterogeneity. Fig. S9 shows similar behavior for two other experimental vesicle shapes [8] .
We next asked if we could extract meaningful values of tractions from cell-based experiments. We used electron micrographs that depict the synaptic membrane undergoing clathrin-mediated endocytosis in chromaffin cells from [21] (Fig. 6A ). Since these images are not symmetric, we converted them to conform to axisymmetric coordinates using cubic interpolation schemes ( Fig. 6B) . Here, the coat was projected onto the plasma membrane such that the tangent angle at both points were equal. Parameters such as spontaneous curvature and surface tension are estimated to be C = -0.01 nm 1 and = 0.016 pN/nm respectively using force density minimization. We used parameters to match documented values for neuronal membranes, including a bending modulus of  = 320 pN/nm [44] . From the normal traction distribution along the ⌦ profile ( Fig.  6C ), we see that the normal traction is large and negative at the edge of the protein coat. This results in value of line tension of approximately 12 pN using a spontaneous curvature transition transition similar to that used in Figs. 4, 5. This calculated value of line tension is in agreement with other reported values of line tension [41, 43] . The tangential traction distribution ( Fig. 6D ) is similar to that observed in Figs. 4 B, 5 C, indicating that despite the molecular complexity present in cells, using our framework, we can obtain insight into the forces underlying membrane curvature generation. 
Analysis of podosome profiles of human macrophage cells yields stress tensor distribution
Podosomes or invadosomes are actin-rich protrusions of cells that are oriented perpendicular to the substrate and have a circumferential ring of adhesion proteins located at the base [47] . They are typically found in monocytic cells, endothelial cells and smooth muscle cells [47] . Multiple groups have worked on calculating the protrusive forces generated by podosomes on the substrate using atomic force microscopy (AFM) and developing different theoretical models to identify the mechanisms (A) (E) (F) underlying force generation [46, 48] . Detailed maps of stresses and forces on the substrate deformed by podosomes were recently reported [45, 49] .
We first analyzed the AFM image of the podosome (Fig 7 A) ; this image shows the podosome protrusion of human primary monocyte-driven macrophages onto a formvar membrane [45] . Using the Monge gauge parametrization (Eqs. 9a, 9b), we calculated the normal and tangential traction distributions along the black dotted line in Fig. 7A . We estimated bending modulus using  ⇠ Eh 3 f , where E is young's modulus and h f is the thickness of the formvar membrane [46, 50] and membrane tension was calculated using an optimization procedure. Given that the height of the podosome is small compared to the lateral position, the axial traction is dominated by the normal traction (S52). Calculating an accurate force value for the podosome requires many more cut sections to fill out a 2D surface. However, by assuming that the axial traction values at the base of the podosome are constant along the circumference, we calculated an approximate value for the protrusion force (Eq. S53) exerted by the podosome onto the substrate. We found this value to be equal to 31 nN over the two podosome protrusion profiles, which is consistent with experimental measurements [45] .
We also performed a numerical simulation of podosome protrusion, as described previously in [45, 46] . We apply a local protrusion force to a surface of radius 8 µm and thickness 30 nm with clamped boundary condition. Protrusion force was modelled as an upward force of 10 nN at the podosome core and a downward force of 10 nN adjacent to the core to result in the podosome profile shown in Fig 7 D . Additional details provided in the SOM. We took the protrusion profile of a single podosome along the black line shown in (D) and passed it through the framework in Fig. 2 using a linear Monge gauge to determine traction distributions (Eqs. 9a, 9b). Membrane tension was calculated using the optimization procedure.
Analysis of the normal traction distribution ( Fig 7E) shows that the normal traction changes sign on either side of the shape, similar to Fig. 7B , which is a consequence of the curvature gradient [17, 19] . The tangential traction distribution due to membrane tension is shown in Fig 7F. We observe that the the profile of the tangential traction is constant along the shape, with a smaller value along the cap, which is a consequence of the curvature. We then calculated the average axial traction at the base and used Eq. S53 to compute an approximate value of force exerted by the podosome onto the substrate to be 9 nN, which is close to the 10 nN used in simulation.
Discussion
In this study, we presented a framework for the calculation of normal and tangential tractions for membrane deformation and demonstrated its application using three different examples of membrane deformation. In all cases, we were able to use images from different experimental modalities or simulations to calculate the traction distribution along the membrane. From these calculations, we summarize that (a) tether formation requires both normal and tangential tractions (ig. 3), (b) line tension can be calculated between two phases as an energy per unit length (Figs. 4, 5, 6) , and (c) we were able to use a highly simplified framework to extract the values of net axial force associated with a podosome protrusion using the membrane shape alone ( Fig. 7) . Importantly, using different examples, we have demonstrated that the normal and tangential tractions on the membrane are a consequence of different mechanisms of curvature generation. Moving forward, this procedure can be useful for the analysis of forces acting on membranes, both in reconstituted systems or in cells. Further, the critical development will be needed to include details of the molecular machinery (actin orientation, actin binding proteins etc.).
In particular, we expect that analysis of the force distributions along membrane shapes will provide insight into how various input mechanisms are transduced into forces on the membrane that shape membrane curvature ( Fig. 1) .
Electron microscopy data has advanced considerably in resolution, enabling the visualization of membranes shapes in cells in unprecedented detail [51, 52] . This represents a new opportunity to dissect the physical mechanisms that come together to create the diversity of membrane shapes observed in cells. Additionally, the sensitivity condition in our model requires only that sufficient number of points be chosen along a shape to ensure best fits. Beyond this, we expect that the approach will be powerful for understanding how cells regulate their function through geometry, mechanics, and signaling [2] .
At present it remains very difficult to dissect the combination of molecular mechanisms that are responsible for the shape of curved cellular membrane structures such as membrane buds, sheets, tubules, and filopodia [53] . For example, during the formation of coated vesicles, which are among the best studied curved cellular structures, diverse mechanisms including protein scaffolding, hydrophobic insertion, and protein crowding have each been implicated [54] . In contrast to the analysis of cellular structures, in vitro studies on purified proteins and lipids allow us to examine the impact of individual proteins and mechanisms on membrane shape. These data, which are abundant in the literature [13, 55, 56] , can be analyzed using our method and be used to populate a database/machine-learning framework that can be then extended to analyze the shapes of complex structures in cells, which likely include contributions from multiple mechanisms. Future efforts will require the development of a broader framework to go beyond axisymmetry and small deformation regimes in continuum, and the stitching together of multiscale simulations to go from molecular models to continuum models [57, 58] .
Ultimately, calculating the normal and tangential tractions on the membrane and their projection in the axial and radial directions will provide a framework for the understanding and rational design of novel mechanisms for membrane bending. For example, it has been demonstrated that PEGylation of lipids [59] , amphiphilic block copolymers [60] , and protein crowding [13] can curve and even induce scission of artificial lipid bilayers. Additional terms may be necessary in our formulation to account for these novel modes of membrane bending, but fundamentally there is no change to the principle of force balance that allows us to use the membrane shape as a readout of the forces. Thus, studying this inverse problem can lead to an understanding of the integration of curvature-generating mechanisms into applied forces on the membrane. This approach will allow us connect synthetic chemistry to mechanochemistry in order to engineer tools that can manipulate membrane curvature.
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Assumptions
• Membrane curvature generated due to forces or protein-induced spontaneous curvature is much larger than the thickness of the bilayer. Based on this assumption, we model the lipid bilayer as a thin elastic shell with a bending energy given by the Helfrich-Canham energy, which is valid for radii of curvatures much larger than the thickness of the bilayer [1, 2] .
• We neglect the surrounding fluid flow or inertial dynamics and assume that the membrane is at mechanical equilibrium at all times [3] . This assumption is commonly used in the modeling of membrane curvature to keep the mathematics tractable [4] .
• The membrane is incompressible because the energetic cost of stretching the membrane is high [5] . This constraint is implemented using a Lagrange multiplier [6, 7] as discussed in Section 1.2.
• Finally, for simplicity in the numerical simulations, we assume that the membrane in the region of interest is either rotationally symmetric (Fig. 1) or the out-of-plane membrane deformation is small and we can parametrize our system by a 1D Monge gauge.
Equilibrium equations
Force balance on the membrane can be written as
where r· is surface divergence, is the stress vector, p is the pressure difference between the inside and outside of the volume bounded by the membrane, and f is any externally applied force per unit area on the membrane. By introducing the covariant derivative as () ;↵ , the surface divergence in Eq. S1 can be rewritten as [4] r · = ↵ ;↵ = (
where a is the determinant of the first fundamental form metric a ↵ . The surface stresses in Eq. S1 can be split into normal and tangential component given by
where
The two tensors ↵ and M ↵ can be expressed by the derivative of F , the energy per unit mass, with respect to the coefficients of the first and second fundamental forms, a ↵ , b ↵ , respectively [4, 6] 
where ⇢ is the surface mass density. H and K are mean and Gaussian curvatures given by
Here (a ↵ ) = (a ↵ ) is the dual metric and " ↵ is the permutation tensor defined by " 12 = " 21 = 1 p a , " 11 = " 22 = 0. The area incompressibility (J = 1) constraint is implemented using a general form of free energy density per unit mass given as
Here (x ↵ , t) is a Lagrange multiplier field required to impose invariance of ⇢ on the whole of the surface (see [4] for full derivation). Substituting W = ⇢F into Eq. S7 we get
Combining Eqs. S9, S4, and S3 into Eq. S1 gives the equations in normal and tangential equations as
and
Here (·) is the surface Laplacian and () |exp denotes the explicit derivative respect to coordinate ✓ ↵ .
Helfrich energy with constant bending and Gaussian moduli
For a lipid bilayer with uniform bending and Gaussian moduli, we use a modified version of the Helfrich energy to account for the spatial variation of spontaneous curvature [7] [8] [9] ,
where W is the local energy density, C is the spontaneous curvature, and  (bending modulus) and  G (Gaussian modulus) are constant. It should be mentioned that Eq. S13 is different from the standard Helfrich energy by a factor of 2. We take this net effect into consideration by choosing the value of the bending modulus to be twice that of the standard value of bending modulus typically used for lipid bilayers [1] . Though the membrane bending and Gaussian moduli need not necessarily be uniform due to composition variation along the membrane [10, 11] , assuming uniform  and  G is an acceptable simplification for classical simulations. In both the tube and bud simulations, we assumed that bending and Gaussian moduli are constants. The general form of the following equations with variable bending and Gaussian moduli is given in Section 1.4. At equilibrium, the integration of local energy density over the total membrane surface area ! gives the strain energy of the system written as
where E is total strain energy. Imposing area and volume constrains by Lagrange multipliers p (pressure) and (surface tension) gives
where V is the volume associated with the membrane surface. The strain energy in Eq. S15 can be split into three different components as
(S16)
Using the Helfrich energy function Eq. S13, in the balance of forces normal to the membrane (Eq. S11) yields the "shape equation,"
where can be interpreted to be the membrane tension [7] . A consequence of heterogeneous protein-induced spontaneous curvature, heterogeneous moduli, and externally applied force is that is not homogeneous along the membrane [7, 8, 12] . Substituting Eq. S13 into the balance of forces tangent to the membrane Eq. S12 gives the spatial variation of membrane tension,
(S18)
Helfrich energy with variable bending and Gaussian moduli
For a membrane with variable bending and Gaussian moduli the modified Helfrich energy in Eq. S13 becomes
where both moduli vary along the membrane. Substituting Eq. S19 into Eqs. S17 and S18 gives a complete form of the so-called "shape equation" and spatial variation of membrane tension:
Here, b ↵ are components of the curvature tensor.
Axisymmetric coordinates
Equation of motion for constant bending and Gaussian moduli
We parameterize a surface of revolution ( 
We define as the angle made by the tangent with respect to the horizontal. This gives r 0 (s) = cos( ), z 0 (s) = sin( ), which satisfies the identity (r 0 ) 2 + (z 0 ) 2 = 1. Using this, we define the normal to the surface as n = sin e r (✓) + cos k, the tangent to the surface in the direction of increasing arc length as ⌫ = cos e r (✓) + sin k, and unit vector ⌧ = e ✓ tangent to the boundary @! in the direction of the surface of revolution (see Fig. 1B ).
This parameterization yields the following expressions for tangential ( ⌫ ) and transverse ( ⌧ ) curvatures, and twist (⌧ ):
The mean curvature (H) and Gaussian curvature (K) are obtained by summation and multiplication of the tangential and transverse curvatures
Defining L = 1 2 r(W H ) 0 , we write the system of first order differential equations governing the problem as [12] ,
The applied boundary conditions are
In asymmetric coordinates, the manifold area can be expressed in term of arc length [12] a(s) = 2⇡
Eq. S27 allows us to convert Eq. S25 to an area derivative and prescribe the total area of the membrane. We non-dimensionalized the system of equations as
where R 0 is the radius of the initially circular membrane patch. Rewriting Eq. S25 in terms of Eq. S27 and the dimensionless variables Eq. S28, we get [12] xẋ = cos , xẏ = sin , x 2˙ = 2xh sin ,
The spontaneous curvature field is modeled by a hyperbolic tangent functional as
where a 0 is the area of applied spontaneous curvature and g = 20 is a constant that ensures a sharp but smooth transition. 6 1 MODEL DEVELOPMENT
Equation of motion for variable bending and Gaussian moduli
For a non-uniform membrane with variable bending and Gaussian moduli, the governing system of equations in Eq. S25 becomes
The applied boundary conditions are the same as Eq. S26. In addition to Eq. S28, we define two additional terms:
The non-dimensional system of equations in Eq. S29 becomes
(S33)
Force balance along the membrane for constant bending and Gaussian moduli
A general force balance for a surface !, bounded by a curve @!, is (Fig. 1B )
where t = r(s)✓ is the length along the curve of revolution perimeter, p is the pressure difference across the membrane,f is the traction along the curve of revolution t and F is any externally applied force on the membrane. Along any circumferential curve on the membrane at constant z, the traction is given by [6, 8] f =f ⌫ ⌫ +f n n +f ⌧ ⌧ ,
wheref
andf n ,f ⌫ andf ⌧ are force per unit length acting along the normal n, tangent ⌫ to the surface, and transverse tangent e ✓ respectively. In Eq. S36, M is the bending couple given by
Because ⌧ = 0 (no twist) in asymmetric coordinates, the normal and tangential tractions become
Projecting Eq. S35 onto the orthogonal bases e r and k gives us the equation for axial and radial tractions [6, 8] ,
(S39a)
(S39b)
Because R @! dt = 2⇡r, the applied force in the axial direction can be evaluated by substituting Eqs. S39a,and S39b into Eq. S34,
This can be rewritten in terms of tractions as
where f z = Fz 2⇡r . The energy per unit length ⇠, or "effective line tension," can be found by integrating Eq. S39a along the perimeter boundary @!,
Force balance along the membrane for variable bending and Gaussian moduli
For a membrane with variable bending moduli, the normal and tangential tractions in Eqs. S38a, S38b becomẽ
The radial and axial tractions in Eqs. S39a and S39b can be rewritten for the general case as
Similarly, the axial force and energy per unit lengths in Eqs. S40, S42a can be rewritten as
1D Monge particularization
For small deformations of the membrane (i.e. ⌧ than the "natural length scale" of the membrane ⇠ p / [13]) a 1D Monge particularization is the most straightforward parametrization of the membrane surface. Given any point x on the plane z = 0, the membrane has some height z. Thus, the position of a point on the membrane is given by
where (e 1 , e 3 ) are the unit vectors in 'x' and 'z' directions. Assuming a small deformation (z ,x ⌧ 1) the normal and tangential vectors to the surface are defined as
And the mean and Gaussian curvatures are [14] 2H = z ,xx , K = 0.
Along any boundary curve, traction is given by its two components as
where normal and tangential tractions are simplified as [15] 
Projecting Eq. S50 into the axial direction e 3 gives us
Assuming that any cut through the center of a membrane protrusion (e.g. podosomes) gives us the same 1D curve, we can calculate the axial force by taking the contour integral of axial traction in Eq. S52,
where D is the largest diameter of the cut curve at the base.
Asymptotic approximation for small radius
To ensure continuity at the poles, we use L = H 0 = 0 as a boundary condition in our simulations. However, this boundary condition reduces the expressions for tractions (Eqs. S39b, S39a) to zero at the pole. To avoid this discrepancy, we derive an asymptotic expression for tractions at small arc length. We proceed by assuming that the pole in Eq. S29 is at x = 0 and choose a rescaled variable given by
Here, ✏ is a small parameter, so that X is order of one. We can extend this to other small variables in Eq. S29 near the pole to get
where Y , P , S are the corresponding rescaled parameters and y 0 is membrane height at the pole. In the simple case with no spontaneous curvature (C = 0), no external force f = 0 and no pressure difference p = 0, we substitute Eqs. S55 and S54 into Eq. S29 and use a Taylor expansion to geṫ
We look for a solutions with form of
The leading order terms in Eq. S57 arė
Integrating the differential equations in Eq. S58, we get
where Y 0 , H 0 and L 0 , 0 are integration constants. We then look at order ✏ 1 terms in Eq. S56
The first order terms are thus given by
Combining the leading order and first order terms and substituting into Eq. S57, our system of variables can be written as
We are interested in the asymptotic expansion of mean curvature near the pole, which is given by
This can be rewritten as
where A is a constant. If S A A is small, we can perform a Taylor expansion around S = A to get the leading order
where C 1 and C 2 are constants. This shows that the mean curvature can be approximated as a linear solution near the pole for S ⇠ A or s ⇠ A✏. In our image analysis, inaccuracies near the pole begin at orders of magnitude of 10 2 . At this range, we can approximate a linear solution for mean curvature.
Similarly, we consider an asymptotic expansion for near the pole at leading order
which can be rewritten as
where D 1 and D 2 are constants. We can now substitute the approximation for mean curvature and near the pole into Eq. S39a and S39b to getf
Using log(s) = log(s + A A) = log(A) + log(1 + s A A ) and expanding around s ⇠ A, Eq. S68b can be simplified tõ
where F 1 , F 2 are constants. We can thus approximate radial traction as quadratic in arc length near the pole, while axial traction can be correspondingly approximated as constant. In this work, we choose to start the asymptotic solution at the local minimum of mean curvature near the pole, which is ✏ ⇠ 0.1.
Image analysis
Extracting forces from the membrane conformation involves multiple steps (Fig. 2): 1. First, we import images from the simulation, electron micrographs or fluorescence microscopy into the open source software 'ImageJ' and convert them into greyscale. Next, we trace the membrane contour using the Trainable Weka Segmentation plugin available in ImageJ and import the coordinates (e.g 'r' and 'z' in axisymmetric coordinates) into MATLAB.
2. The imported images are generally noisy, posing a challenge for calculating higher order derivatives along the membrane. Previous works [16] used cubic interpolating splines to fit experimental data. This has the drawback of being a linear fit in the second order, which potentially has a significant effect on the calculation of normal traction (Eq. 7a). To tackle this issue, we apply a method of derivative using continuous wavelet transform [17] . Depending on the shape, we can use different wavelet functions -e.g. a Gaussian smoothing function. A comparison of the derivatives using different methods is shown in Fig. S1 . Depending on the input shape profile, we also find that other curve fits like higher order polynomial fits, Fourier fits etc. (available in MATLAB curve fitting toolbox) can provide smooth differentiable functions that are a good approximation for calculating the stress tensor. We choose the best fit based on smoothness and accuracy.
3. Next, we discretize each shape and at each point calculate the mean curvature (H i ), Gaussian curvature (K i ) and the derivative of the mean curvature -Eqs. S49 in 1D Monge or Eqs. S24 in axisymmetry -where angle i is defined such that tan( i ) = ri zi .
4. Next, we need to determine the value of unknown constants, pressure difference p, tension , and spontaneous curvature C. Assuming that the observed shape is in mechanical equilibrium, there are three different quantities that could be used in a minimization procedure to estimate these constants; membrane energy, normal component of the force, or normal displacement. For membrane shapes that are purely controlled by mechanical forces, all three methods should give the same result, as noted by Lee et al [16] . The same group proposed the "Proximal Equilibrium Approximation" method to suppress the error due to derivative noise and to calculate the Lagrange multipliers. However, we reduce the noise error earlier by using the continuous wavelet transform. Consequently, we can rely on the more straightforward technique of "Equilibrium Force Density Minimization". The normal component of the force density (f i .n i ), on the right hand side of Eq. 2) is zero at every discrete point on the membrane. As the membrane shape is being traced, we are able to compute the local force density as a function of unknown constants (the left hand side of Eq. 2). A global minimization on the sum of the squares of the local force density, done by 'lsqnonlin' MATLAB toolbox, provides a good approximation of the constants.
To validate the algorithm, we have tried to recalculate the reported values for pressure, surface tension and spontaneous curvature in [16] . To get the best fit, we followed the exact same procedure as Lee et al., smoothing the shape by a cubic spline and discarding the points close to the beads. The approximated values by our method are as follows; pressure (p = 6.3 mPa), tension ( = 10.6 k b T/µm 2 ) and spontaneous curvature (C = 0.1 µm 1 ). It should be mentioned that the calculated spontaneous curvature in our optimization algorithm is a shift in mean curvature Eq. S17, while in [16] , the reported spontaneous curvature is a rescaling of the principle curvature summation. Hence, if we want to compare our C with their reported value, we have to multiply it by two. Our estimated values for the three unknowns based on equilibrium force minimization are in good agreement with the values that they calculated by proximal equilibrium approximation. The difference could be the result of shape smoothness or the cut off points at the poles. After validating our method, we applied it to other experimental shapes, vesicles in [18] and podosome protrusions in [19] to calculate the spontaneous curvature field and membrane tension respectively. In the case of closed vesicles, we usually ignored the points with small radius r = ✏ because the mean curvature of those points add large error to the problem [16] .
5. Finally, having mean and Gaussian curvatures along with shape constraint parameters allows us to use Eqs. 7a, 7b for axisymmetric shapes or Eqs. 9a, 9b in 1D Monge approximation to compute the surface stress tensor for a given equilibrium shape. The singularity problem at points with small radius (r = ✏) -e.g at the poles of a closed vesicle -can be solved by an asymptotic approximation for mean curvature (as described in Section 1.7). There is large amount of noise obtained using diff, while cubic spline has multiple discontinuities since it is now constant. The Gaussian wavelet function remains smooth and traces a good fit. [20] , we recreate membrane tube pulling by applying a point axial load to a circular patch of membrane. We set up the simulation to calculate the axial force needed to achieve a membrane tube of specified height and then mapped the normal and tangential traction along the membrane. We used a bending modulus of 320pN · nm, surface tension of 0.02pN/nm, and applied force over 1.5625% of the membrane area (approximating a point force). Eq. S25 was solved using the 'bvp4c' solver in MATLAB. Fig. S2 plots the axial and radial components of the traction along the same equilibrium shapes as in Fig. 3A -C. To compare the traction force to external force, we use Eq. S34 and modify it to be a function of nondimensional membrane area ⇣ (Eq.S28). For a simulation with no pressure and in axisymmetric coordinates (dt = 2⇡r(s)), Eq. S34 simplifies to
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where f is force per unit area applied externally to the membrane. We use a hyperbolic tangent function to define the applied force, which is given by
where ⇣ force is the non-dimensional area of the applied force, g = 20 is a constant and F is applied force. We can substitute Eq. S71 into Eq. S70 to get
Eqs. (S72a, S72b) relate external force to axial membrane traction at every point along the membrane. 
Tubes pulled against pressure
In Fig. 3 , we set p = 0 and = 0.02 pN/nm. However, pressure plays an important role in tether formation in certain biological contexts and thus cannot be ignored [13] . We investigated the role pressure plays during tether formation by finding pressure that produces a tube of similar radius to that obtained in Fig. 3A -C. To do this, we first define a natural length scale for the system, R 0 , by the expected equilibrium radius of a membrane tube obtained by minimization of the free energy of the membrane [20] .
In absence of the pressure, external force, spontaneous curvature and Gaussian modulus, we can write the free energy Eq. S15 of the membrane as
For a tube of length L and radius R, the free energy, ignoring the mean curvature of the cap (H = 1 2R ), can be written as
The balance between the surface tension, which acts to reduce the radius, and the bending rigidity sets the equilibrium radius R 0 . Taking @W tube /@R = 0 we obtain
We can perform a similar analysis with pressure replacing surface tension. The free energy of the membrane Eq. S73 can be rewritten as
Again for a tube of length L and radius R, the free energy can be written as
Here, the balance between pressure, which acts to reduce the radius, and the bending rigidity sets the equilibrium radius R 0 . Taking @W tube /@R = 0 we obtain
Comparing Eq. S78 and Eq. S75, we can find an equivalent pressure to the surface tension needed for achieving a tube of radius R 0 ,
Eq. S79 gives an equivalent pressure p = 0.3 kPa for a surface tension of 0.02 pN/nm. We perform the tether pulling simulation for this value of pressure, such that the pressure acts inward for every non-zero height. Surface tension is set to zero at the base. Fig. S3A and B map the axial and radial traction along the tether and Fig. S3D and E plot the corresponding normal and tangential components. The traction distributions show similar behaviour to Fig. 3 in the main text. Using Eq. S45a, the applied force matches the difference between pressure force in the axial direction and the force due to the axial traction ( Fig. S3F ). Panel C plots the energy per unit length (Eq. S46a) -it shows similar behavior to Fig. 3D in the main text.
Tubes pulled against pressure and surface tension
Yeast endocytic buds experience a very large pressure on the order of 1 MPa [13, 21] . In Fig. S4 , we perform the tether pulling simulation for pressure 1 MPa, surface tension 0.02 pN/nm and bending modulus of 32000 pN · nm, suggested by [13] . Fig. S4A and B map the axial and radial tractions for four membrane shapes as the tether is pulled out. Because of the large pressure, the radius of the tether is very small. A consequence of the small radius is a positive radial traction at the neck, where the membrane wants to push out. Axial and radial traction are both constant over cylindrical parts of the tether. Energy per unit length, seen in Fig S4C shows large negative values at the neck and near the pole, similar to cases before. Fig S4D  and E plot normal and tangential traction distributions along the membrane and are also qualitatively similar to the previous cases, but differ in magnitude to larger bending modulus, with tractions being almost two orders of magnitude larger. In Fig.  S4F the external force is plotted vs the height of the tether and matches the difference between pressure force and axial force (Eq. S45a). In the presence of pressure, a much larger force is required to pull out the tube. The maximum force is almost 600 times larger than the case without pressure. Using Eq. S41, we can also match the tractions at every point on the membrane to traction due to pressure and traction due to the external force. Fig. S5 shows tractions plotted along area mesh points for the tube simulation with p = 1 MPa and  = 32000 pN · nm at a height of 500 nm. 
Axial and radial tractions in bud formation
The axial and radial tractions for the budding simulation, Fig. 4 of the main text, are shown in Fig S6. 
(C) (A)
Inward Outward (B) Figure S6 : Bud formation from a flat membrane for increasing spontaneous curvature and a constant area of spontaneous curvature field A = 10, 053 nm 2 . The spontaneous curvature magnitude increases from C = 0 to C = 0.034 nm 1 , the bending modulus is  = 320 pN · nm and surface tension at the edge is = 0.02 pN/nm. Axial traction does not play any role in invagination. (A) Axial traction along the membrane is negligible for all shapes. (B) Axial force at the interface is almost zero. Terms due to tension and curvature gradient cancel each other and force due to curvature is automatically zero.
(C) Radial traction distribution for three shapes. A large negative radial traction at the neck should favor membrane scission.
The axial traction along the membrane is negligible in all the stages of bud formation (Fig. S6A) . The axial force due to traction Eq. S40 depends on three different terms, curvature, curvature gradient and surface tension. The calculated axial force at the interface is zero because tension term cancels out the force due to curvature gradient and the force associated with curvature is zero by itself (Fig. S6B ). This means that neck formation is purely regulated by radial stresses (Fig. S6C ). For small deformations, the radial traction is positive throughout, which shows that the membrane works to oppose the deformation. However, with the formation of U shaped caps, radial traction changes sign and acts inward, representing the membrane's tendency to form small necks.
Bud formation in heterogeneous membrane with negative surface tension at boundary
In Fig. (4) , surface tension at the boundary is set to = 0.02 pN/nm, which is close to its biological value [11, 22] . This means that at the edge where the membrane connects to the reservoir, there is a tensile stress. However, it could be possible that the boundary applies compressive stress to the domain of interest. Here, we repeat the simulation for a heterogeneous membrane with negative surface tension value at the boundary = 0.02 pN/nm. Fig. S7 shows how a bud forms from an initially flat membrane by increasing spontaneous curvature magnitude from C = 0.01 to C = 0.039 nm 1 . Normal traction along the bud is positive, showing the membrane's resistance against deformation ( Fig. S7A ). Here, a larger spontaneous curvature is required to form a bud compared to Fig. 4 due to the unfavorable gradient in tangential traction at the neck -the sharp rise from negative before the neck to positive value after the neck (Fig.  S7B ). The energy per unit length inside the equilibrium vesicle (dashed circle) is positive indicating that the negative surface tension at the boundary is an unfavorable condition for bud formation (Fig. S7C ). The initial negative energy per unit length represents membrane tendency for buckling ( Fig. S7D ). However, for large values of spontaneous curvature, positive energy per unit length is required to balance the negative surface pressure resulting in stable intermediate shapes (open and U shaped buds). Indeed, the positive line tension is essential to get a smooth shape evolution from a flat membrane to a closed bud. Figure S7 : Bud formation with increasing spontaneous curvature magnitude (C = 0 to C = 0.039 nm 1 ) and negative surface tension at the edge = 0.02 pN/nm. The area of the spontaneous curvature field and bending modulus are the same as before. Here, a larger spontaneous curvature is required to form a bud because the negative surface tension opposes the bending force. (A) Positive normal traction along the cap and bud represents the 'membrane's resistance against deformation.' (B) Tangential traction distribution along the membrane for three different shapes. In contrast to Fig. 4 , tangential traction at the neck jumps from a negative value to positive one indicating the membrane's tendency to open the vesicle. (C) Positive energy per unit length inside the equilibrium vesicle -dashed circle-shows how 'effective' line tension opposes bending deformation. (D) Energy per unit length always has the same trend as curvature gradient. The subplots show the membrane configuration at zero and maximum line tension, with red lines representing the protein coat coverage for each shape.
Surface tension at the boundary regulates line tension at interface
Line tension at the interface depends on the surface tension value at the boundary (Fig. S8 ). For zero surface tension at the boundary, curvature gradient is the only dominant term in Eq. (S42a) and line tension is always negative (Fig. S8A ). With increasing value of surface tension at the boundary, the line tension behavior can be classified in two different regimes; (1) tension dominant (2) curvature gradient dominant. In both regimes, the magnitude of line tension is larger for higher values of surface tension at the boundary. The larger line tension at the interface can be associated with an increase in bending energy, calculated by Eq. S16 (Fig. S8B ).
(A) (B) Figure S8 : Increasing the energy per unit length at the interface with increasing surface tension at the boundary Eq. S42a. (A) Line tension variation at the interface vs the applied spontaneous curvature field for different values of surface tension at the edge. For large values of surface tension, the energy per unit length has a sign change from positive to negative with increasing spontaneous curvature. (B) Bending energy (Eq. S16) for different surface tension boundary conditions plotted versus the spontaneous curvature. There is an increase in bending energy cost with increase in surface tension at the boundary. Fig. 7D is a finite element simulation performed using the structural mechanics module of COMSOL Multiphysics 5.2a, as described previously in [19, 23] . The formvar membrane is modeled as a cylindrical sheet with radius = 8 µm, thickness = 30 nm and is clamped at the edge. Material properties used are ⇢ = 6.25 kg/m 3 , E = 2.3 GPa and ⌫ = 0.3 [23] . On the bottom surface of the cylinder, a hexagonal array of 37 two compartment modules consisting of concentric cylinders of radius = 140 nm and radius = 350 nm respectively with thickness = 20 nm is designed. The center to center distance between each module is 1.75 µm. An upward force of 10 nN is applied to the inner disc while a downward force of -(1 + ↵) ⇥ 10 nN is applied to the outer ring of each module, where ↵ is a correction factor = 0.001. The model used here is the local traction-protrusion model described in [19] .
Podosome protrusion simulation
Additional images of vesicle with phase separation
Here, we take additional images of vesicles with fluid phase co-existence from Baumgart et al. [18] and pass it through the image analysis procedure. We note that x = 0 at both poles. To obtain the asymptotic solution for the pole at the base, we rescale our variables as x = X✏, y = Y ✏, = P ✏, s = s max + S✏,
where s max is arc length at the base pole. This rescaling gives us the same asymptotic solution as Eq. S69b. Other parameters like pressure, bending modulus and surface tension of L d and L o phase were taken from Baumgart et al. Spontaneous curvature was estimated using equilibrium force minimization. Fig. S9 shows that the defining characteristics are similar to J, ratio of bending modulii  o / d = 5 and absolute difference in Gaussian moduli  G = 3.6⇥10 19 J [18] . Spontaneous curvatures were estimated using the optimization procedure -C d = -0.1234 (µm) 1 , C o = -0.5763 (µm) 1 for (A) and C d = -1.1607 (µm) 1 , C o = -0.1642 (µm) 1 for (D), where C d is spontaneous curvature of disordered phase and C o is spontaneous curvature of ordered phase. Normal and tangential tractions were calculated using Eqs. (S44a, S43b). (B, E) Normal traction distribution along corresponding vesicle shapes. Large negative traction observed at the interface, which is also the neck. Calculating the energy per unit length (Eq. S46a) at this point predicts a line tension of 0.44 and 0.8 pN respectively -very close to the experimentally determined value of 0.67 pN. (C, F) Tangential traction distribution along the corresponding vesicle shapes. L d phase has a larger magnitude of tangential traction than L o phase, consistent with Fig. 5 in the main text. Gradient in a tangential traction observed at the interface.
